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INTRODUCTION
Let & = {F(x)} denote a linear space of functions from % to €. Furthermorz,
let
M y=) (wo<v<w)

be a sequence of numbers, the subscript v ranging over all rational infegers.
We speak of a cardinal interpolation problem (C.1.P.) concerning the sequence
y and the space &, if we are to find functions F satisfying the two conditions

) Fv)=y,, forallv,
3) Fe &.
* Sponsored by the Mathematics Research Center, United States Army, Madison,
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168 SCHOENBERG

We shall denote this problem by the symbol
C)] CIP.(y; ),

and use the same to denote the totality of its solutions, if any exist, so that (2)
and (3) are described by writing

FeCLP. (y; &).

In the present paper we shall usually assume that

& =L,",
where m is a natural number and
&) L™ ={F(x); F™ D absolutely continuous, F*™ e L,(R)},
while
6) 1<p< o,

We provide the space (5) with the seminorm

0 lFoy, = ([ (Fmleas)”  if pis finite,
and
8) [F]|, = ess sup [F™(x)|.

A second choice for & will be
&=L,

where we define this space as follows: We consider the sequence of consecutive
unit intervals

2oL coscn)

) 17 =7+

and denote by Lf}; the space of functions F(x) such that F™~1 is absolutely
continuous and

(10) IF™ 1y = >, esssup [F™(x)| < oo,
J  xerm
This formula also defines the seminorm for this space. Evidently
We also need the corresponding sequence spaces

(12) lpm = {y; ”Amy”p < OO}
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where

[‘(z IA )I/P .
my,|P fi<p<ow
(13) A"yl =1\
sup |[4™y,| ifp=o

The first problem concerning a C.I.P. (4) is the question of the existence of
solutions. For our choice of spaces these problems are settled by

THEOREM 1. The

(14 C.LP. (y; L™, m=1,1<p<< ™)
has solutions if and only if

(15} yelm™

The

(16) CLP. (»; L1, mz=1,

has solutions if and only if

a7 yelm™

For the special case when p = «, Theorem 1 is due to Subbotin [7]. Thecrem
1 will be established by means of the spline interpolants of degree m introduced
by Schoenberg ([3], Theorem 8, pp. 79-80, for ¢ =0). Their existence and
uniqueness for our C.L.P.’s is assured by

THEOREM 2. If (15) holds then the problem (14) has a unique solution S,(x)
which is a spline function of degree m having its knots at the poinis

(i8) v+3m+1), (v integer, —co < v < ®).

Likewise, if (17) holds then problem (16) has a unigue solution S,(x) of the sams
nature as above.

Our spaces being provided with the seminorms (7), (8), and (10), respectively,
the question of the existence of optimal solutions arises naturally. We say
that Fy is an optimal solution of (14), provided that F, is a solution of {14}
that enjoys the extremum property

{19 NFEE(, < [F™), for all FeCLP.(y;L,™.

A similar definition, using (10), concerns the problem (16).

Let the sequence y satisfy one of the conditions of Theorem 1. Leaving asids,
for the moment, the question of the existence of optimal solutions, we define
the functionals

(20) L(y)=inf [F™],  (yel™
F
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and
(21) gf"l](l‘) = il;f“F('")“m (rel™,

where the infimum is formed for all solutions F of the corresponding C.L.P.

To describe our next results we need some notations, introduced in [3],
pp. 79 and 114-116, that are to be discussed in greater detail in Subsections
1 and 2 below. We define

(22) Pi(u) = (2_s1_n_‘_(u/2)) , (k is a natural number),
and
@3) )= 3 hlu+2m)).

é() is a cosine polynomial, positive for all real u (see Subsection 2 below).
We may now state

THEOREM 3. If y € [,™ then

@9 L) € @uui@) A"y,  (I<p< ).
Ify € I{™ then
2% Z11(3) S @ma(m@) 1471l

The explicit value of the constant is
2, (—])rDowED —1

o m+1
26) na) ™ =5(3) ( 727_—1)——)
r=1

This theorem shows that the functionals % are bounded and the question
arises concerning the values of the best constants in the formulae (24) and (25).
These are the norms of the functionals, defined by

27 [, =sup Z,"(y)  for A"y, <1
and
(28) <Ll = Sup Liu(y)  for 4"y < L.

We shall establish below partial results concerning the value of (27). The
following is the main result of Subbotin’s paper [7].

THEOREM 4 (Subbotin). The constant appearing in (24) is the best constant if
p=,ie.,

(29) 1L = (bmar (@)
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We shall settle the case when p = 2:

THEGREM 5. If p =2 then

(30) 1571 = (o) 2 = (’—,’)(22(7}1;\)
more precisely, if

(31) 14" yll, =1

thern

(32) 1 < Z"(p) < (bamlm) ™72,

where both bounds are the best possible, but are not attained.

Denoting the values of the right-hand sides of {29) and (30) by 4,, and B,
respectively, it is easily seen that 4, = B, = 1, while an obvious application
of Capchy’s inequality shows that

Ay > B, ifin > 1.

This shows that the constant 4, in (24) is certainly not the best if p =2 and
m> 1.
Finally, we have

THEOREM 6. The constant appearing in (25) is the best constant, hence

(33) 1Ll = @)

The determination of the two norms (29) and (33) depends on the solutions
of certain maximum-minimum problems. In order to sketch the method to be
used for their determination, let L™ denote any of the spaces so far considered,
while |[F™)| and ||4™y|| are the corresponding seminorms. Finally, let

(34) By ={y;|4"yll=1}.
We have defined above
(35) F(y) =inf||[F™) forall Fe C.LP. (y; L™
F
and
(36) &£ =supZ(y) foryeB™
y

Finally, let S, denote the spline solution of the C.LP. (y;L™} according tc
Theorem 2. We describe the procedure in the form of a lemma.
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LemMaA 1. We assume that we have found a y* € B,™ such that

(37 IS5l = max ISy™il  forally e By
and that
(38) Sy« is an optimal solution of the CLP. (y*,L™).
Then
(39 12N = IS $¥I.

A proof is immediate: By (35)
(40) L) <|IS|  forallye B™
Taking suprema over all y € B,™, we obtain, by (36) and (37), that
(41) 121 < IST]l.
On the other hand, (38) implies that
42 Z(y*) =Sl
and therefore
(43) 11 = 1S3,

by (36). Now (41) and (43) imply (39).

The method of Lemma 1 will be applied twice, yielding Theorems 4 and 6.
The existence and nature of the spline solutions S,» which are optimal for
these two C.L.P.’s, seem of sufficient interest to be stated here as theorems.

We start from the sequence y* defined by
44 yi¥=(1’ forallj.

Let E,(x) denote the Euler polynomial, defined as the polynomial solution of
the functional equation

3G+ 1)+ /() ="
Following Norlund ([I], p. 24), we consider the extension E,(x) defined by

45) En()=En(x) if0<x<1
and
46) E(x+1)=-E,(x) forallx.

By (46), E,(x) is a periodic function of period 2 that may also be described as
a spline function of degree m having its knots at the integers. It now follows
that

@7 Sye(%) = E(x + 3(m + 1))/ Ep(3(m + 1))
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is identical with the spline solution of the
(48) CIP. (y*;L.™.

THeOREM 7 (Favard-Subbotin). The periodic Euler function (47) is an optimeal
solution of the cardinal interpolation problem (48).

This means that
1S&], < IF™],,

for all other solutions F. Favard ([2], pp. 305-306) established this resuit under

the restriction that only periodic solutions F, of period 2, are allowed to

compete. Subbotin {7] removed this restriction without stating the result in

the present form. For the L, extremum property of the Euler functions (47)

of odd degrees, again within the family of periodic functions, see {([5], §8).
Concerning LT, we have the following

THEOREM 8. Let y be a real sequence satisfying the following two condifions:

(49) y € ™, which means Y |4"y,| < «;
J
and
(50) the sequence (—1) 4™ y; has no change of sign.

Then the spline solution S, of the
(51 C.LP. (y;Li1y)

is an optimal solution of (51).

The simplest possible nontrivial sequence is y = & = (§;), where

1 ifj=0
2 =
(52) % {0 if j 0.
Since

_ W AMS . — (—1)" i?’i\
corams = (),

we see that the sequence § satisfies the two conditions of Theorem 8. Moreover,
the spline interpolant S5 admits the following explicit representation:

| T R (7)
() S0 =Lun() =5 %“’” (oo < x < )

(see [3], pp. 79-80; in particular, formula (9) for ¢ = 0). We state the result as

COROLLARY 1. The spline solution (53) of the “‘unit” interpolation problem
(54 F@y=3,
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is an optimal solution of the
(55) C.LP. (;L7}y).
Theorem 8 is no longer true if we replace the space Lf}; by L,™. This is shown

for m = 2 by observing that the quadratic spline function Ls(x) is a solution
of the

(56) C.LP. (5; L3,
but not an optimal solution of this problem. In fact, (56) has no optimal

solutions. This is easily seen by showing that there are solutions F of (56),
such that

2@ =4< [ |F@dx< 7 |Ly )] dx,

where ||F"]|; may come as close to the lower bound 4 as we wish, without being
able to reach it,
As might be expected, the most complete results are available for

C.LP. (y;L,™.
By Theorem 1 there are solutions if and only if
(57 yebm, ie, > |d"y;|* < o,
7

which we assume to hold. Theorems 2 and 3 are, of course, applicable for
p=2. However, we have seen from our remark following the statement of
Theorem 5, that (24) does not furnish the best bound for the functional
Z,"(y). In fact, the interpolating spline Sy(x) of Theorem 2 is not able to
produce it. A better substitute for Theorem 2, for our case p = 2, is as follows.

THEOREM 9. The
(58) CLP.(y;:L,"), (yeb™,

admits a unique solution that is a spline function of degree 2m — 1 having its
knots at the integers. We shall denote this solution by any one of the symbols

(59) §=8(x) =8,y = 5,,().

This spline solution is an optimal solution of the problem (58) and we may
therefore write

(60) L) =S

This theorem was previously announced by the author (see [6], Theorem 7,
p. 27). It is also contained as a special case in the recent general results of
Golomb and Schoenberg [9]. We also mention here that this optimal solution
of (58)is explicitly represented by the convergent series

(61) SZ.}’(x) = Jz_ijZm(x "])a
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where
N e I

(See [3], Theorem 8, pp. 7980, for £ =0.)

The functional (60) also admits an explicit representation in terms of the
sequence 4™y, To describe it, we observe that (57) and the Riesz-Fischer
theorem imply the existence of a function g(u) defined by

el gy, {(—o < x < ),

(63) Lim S A"y, et = g(u) € Ly(—m, ).

H->0 —1

The representation mentioned above is described by

THEOREM 10. The square of the functional (60) can be expressed as follows:
69 (Zr0Y =5 || s lewpds

Theorem 5, giving the value of the norm {|.%,"|, will be an immediate
corollary of Theorem 10.

The present paper is divided into three parts that are sufficiently described
by the table of contents. The paper is self-contained and assumes no previous
acquaintance with spline functions. To make it so, I have reproduced a few
elementary facts from my previous paper [3]. The L,-theory {Section IIT) is
the more completely developed part of the subject. The reader who wishes tc
read only Section 111, may omit Subsections 6, 7, and 8.

The basic ideas developed in this paper go back to 1963. (See, e.g., [6].)
The reason for writing it at the present time was the appearance of the trans-
lation of Subbotin’s interesting paper [7], which was kindly called to my
attention by Mr. Blair Swartz. The main purpose of the present paper is to
show that the tools developed in the 1946 paper [3] are well-suited to deal
with the problems here discussed.

t is a pleasure to acknowledge helpful conversations with my colleague
Louis B. Rall. I owe to him the convenient notations L,™ and /,” used through-
out the paper.

1. A FEW PROPERTIES OF SPLINE FUNCTIONS WITH EQUIDISTANT KNOTS

We discuss here a few elementary facts, many of which are to be found in
{31 Precise references are given as we proceed.

1. The B-Splines
We consider the rectangular frequency function

1 f—4<x<d
{1 — IRARD
(L.1) M) {0 elsewhere,
12
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and form the frequency function M(x) by convoluting M,(x) with itself
k times:

k
———
M(X)=M; * ... M(x).

The Fourier transform of M, being

f:, M (x) e dx = 2sin u(u/2) ’

we conclude that

(1.2) [0 Muxyeds = ),
where
(1.3) ) = (2 sin (u/2))

Inverting (1.2), we find
) I .
(1.9) M(x)= ol () e ™ du.

In terms of the function

Cfx  ifx>0,
=10 ifx<0,

we easily obtain the explicit expression

M(x) = 757 ¥,

1
(k-1
which shows that M,(x) is a spline function of degree k — 1 having as knots
the points v (v integer), or » + %, depending on whether k is even or odd;
moreover, M (x) is positive in the interval (—4k,3k) and vanishes everywhere
in its complement, M,(x) is called a central B-spline. (See [3], pp. 67-71.)

We also define the so-called forward B-spline by

(1.5) Qk(x)=Mk(x~I§) @ 11)12( 1)1( )(x—~z)"‘

It has integer knots; it is positive in the interval (0,k) and vanishes elsewhere.
The following two properties of B-splines are especially relevant:
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LEMMA 2. Iff (x) has an absolutely continuous (k — 1)st derivative then

(1.6) 21 = [T Qx =D @) dx.

LEMMA 3. Every spline function s(x) of degree k — 1 (—w < x < ), having
integer knots, can be represented uniquely in the form

.7 s(x) = i c; Olx — ),

Jj=—w»

and conversely, the series (1.7) represents a spline function of this kind, no maiter
what values the coefficients may have.

If s(x) vanishes outside of the interval (r,t), wherer, t are integers (i <t — k),
then the representation (1.7) reduces to

1.8) 5) =z ¢ O —)).

(See [3}, Theorem 5, p. 72, and [8], Theorem 4, p. 80.)
We shall also use the following convolution property of B-splines.

LemMa 4. If r, t are natural numbers and j, k are reals, then

(1.9) |7 M=) M= kydx = M, (j— ).

Proof: From (1.2) we conclude that the Fourier transform of the convolution

[ M) = yyay
is ¢ (u)(u) =, (u). This being also the transform of M, ,(x), we obtain

|7 M) MG~ )y = M)

whence (1.9) follows in view of the evenness of the functions M {x). (1.5) and
(1.9) evidently imply

‘ © . , r—t\
(1.10) [ Q,(x—])Q,(x—k)dx=M,+t(j—k+T}.

LY

2. The Cosine Polynomials ¢,(u) and Related Lemmas
With ,(u) defined by (1.3) we define

2.1) Pilu) = ; by + 27rf).
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This is a function of period 277. By a computation thatis equivalent to Poisson’s
summation formula, we find the Fourier coefficients of ¢,(u) to be

%T f :7 bu(w) e du = %T f i (Z et + 2 J-)) e gy

f e+ 27 e ™™ du
J

“l

T2

() e™™ du

—n+2nj

s
51
o f ) e du = M)

and therefore

2.2) di(w) = VZ M= > MJ)e*™ .

vl <k/2

This shows that ¢,(u) is a cosine polynomial of the exact order [(k + 1)/2] — 1.
From (1.3) and (2.1) we find that

(2.3) i) = (2 sin ) z (u(;lzz;)k

In terms of the two sequences of functions

pi(w) = (2s1n ) z (u+27r])"’

2.4
u\* =1y
o (u) = (2 sin ) m >
we obtain
0] if k is even,
2.5) Pul) = {Uk(u) if k is odd.

The functions (2.4) can be obtained recursively by
pk—l—l(u) =COS 5 2 Pk(u) Sln 2 Px (u)
2. u ,
Op41(u) = cos 3 Uk(u) sm 5% (W),

starting with the initial valoes
p2) =1, oy(u) = 1.
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However, it is more convenient to pass to the new variable

{2.6) x=cosly,

in terms of which we obtain the following: Defining two sequences of poly-
nomials U,(x) and V,(x) by the recurrence relations

1 , . .
27 Upn(x)=xUx) + m(l —x)U/(x),  with Uyx)=1,

28 Vi) =xV(x)+— A~ x)V/(x), with V(%) =1,

k +1
we may express the functions (2.4) by
2.9) pu) = Uy (), o (u) = Vi_i ().

Finally, we obtain by (2.5)
_ j U_a(x) if k is even,
(2.10) Q) WVii(x)  ifkis odd.

See [3], pp. 114-116. From this reference we reproduce the proof of the
following lemma.

LemMa 5. U(x) and Vi(x) are polynomials of exact degree k and are even
or odd according as k is even or odd. The coefficients of their highest terms are
positive. Also
(2.11) U =V)=1, UL-1)=V-1)=(1)

Moreover, the zeros of the even polynomials U, {x) and Vy(x) are simple and
purely imaginary.

We omit proofs of the statements up to and including (2.11), as they follow
by simple induction arguments. Concerning the nature of the zeros, we carry
through the proof for U,,(x) only, since the proof for V,,(x) is entirely similasz,
In order to deal with real zeros, we define a new sequence of polynomials

u(x) by
(2.12) (%) = i * Uxi), k=01,
These polynomials are also real and satisfy a recurrence relation which, by
(2.7), is seen to be
1

(2.13) U1 () = ¥4x) — == (1 + ¥ w ().
From this we find

ux)=1, wx)=x, wx)=32x*—-1), wH=3x"—-2x),...
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In view of (2.12), it suffices to show that the zeros of #,(x) are real and simple,
while those of u,,(x) are also different from zero. This is readily seen by
induction as follows. Let k£ = 2v be even and let us assume that the k zeros of
u,(x) are

(214) _fw—fv—b'"a'—glafb--"gv (0<§l <-'-<§v)

and are therefore simple. This, and the fact that #,(x) has a highest term
with a positive coefficient, imply that

ukl(fu) > Os
and that the sequence of values of 1;'(x) at the k zeros (2.14), alternate in sign.
By (2.13) we find

Ue1(£) <0

and that the values of u,,,(x) at the k zeros (2.14), alternate in sign. Since
#,.1(0) = 0, we conclude that u, ,(x) has v positive and v negative zeros which
must therefore be simple.

Let now k = 2v + 1 be odd, and let , have the simple zeros

(2.15) —£,...—61,0,¢1,.. ., €, 0<é<...<é).

We conclude as before that #,,,(£,) < 0, and that the values of #,,,(x), at the
k points (2.15), alternate in sign. Again the conclusion is that u,,,(x) has
simple real zeros, none of which vanishes. This establishes the desired result
by mathematical induction.

We summarize our results as follows: By (2.10) and in terms of the variable
x = cos(u/2), we may express the cosine polynomials ¢,() by

m—1
(2.16) fon(¥) = Upmo(x) =1 [ (P + %) O<a<...<opy;6>0),
v=]

@17) Gams@) = Vaul¥) = €2 H (2+B2)  (O<Bi<...<Buics>0).

Further properties of ¢,(x), not discussed in [3], are based on these representa-
tions. In particular,

$i(u) =Vo(x)=1, (1) = Ug(x) = 1.

LeEMMA 6. If'k > 3, then ¢,(u) is a cosine polynomial of degree [(k + 1)/2] — 1
which is positive and strictly decreasing in the interval 0 < u < 7, assuming at
the endpoints the values

(2.18) $(0) =1

(2.19) $i(m) =2 (g)k % >0

r=1
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1t follows that
(2.20) max ) = O =1,  min,(u) =),

and that these extreme values are assumed, mod 2w, only for 1= 0 and u = =,
respectively.

Proof. If k is even, say k = 2m, then by (2.16)

(221) ¢2m(u) =dy + dy x2 + ..t G xzm"‘

where all a; are positive. By (2.11), ¢,,,(0) = U,,,_»(1) = 1. As u increases
from 0 io 7, x = cosiu decreases from 1 to 0, while (2.21}) and (2.3) show that
&.n{u) decreases from 1 to the value

b= (3" 2 e

If k is odd, k =2m + 1, we proceed similarly, using (2.17).
Let

(2.22) z=¢"
in terms of which (2.2) becomes

@23) ) =3 M) (| <kp2).

Our next objective is to obtain information on the zeros of the Laurent
polynomial on the right-hand side that is easily derived from (2.16) and (2.17).
Let k = 2m be even. Observe that (2.22) implies

dx2= (e +e 2 =74+ 2427,

If o« >0, then 4(x? + o?) =z + 28 + z7!, where & > 1. Factoring a quadratic
we obtain

Y+ o) =212+ 282+ D=2z + )z +y™Y,
where 0 <y =8 — /8 — 1 < 1, and finally
X2+ o =@dy) A+ p2) (1 + vz, O<y<l.

Applying this decomposition to each of the factors of the product (2.16), we
obtain the identity

m~—1 R
(224) ¢2m(u) =C3 I:Il {(1 + ’)/,,Z) (1 + ’yvz_i)} (0 < Vin-1 <...< Yi< 1)
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From this we shall now draw two conclusions:
1. Denoting the right-hand side of (2.24) by G(z) and expanding
(G(-2))™! into a Laurent series convergent on the unit circle |z] = 1, we find

1 m-1 1

G(—2) =c' 1:[ (A—y,20—y,z7) = _Zm wz  (z|=1),

where all coefficients y, are positive (in fact, they form a totally positive
sequence). Remembering the definition of G(z), we obtain the expansion

(2.25) q—SZI—(u) - é yz  (z=e),

This establishes

LEMMA 7. If k > 3 then the coefficients of the Fourier expansion

(2.26) ?ﬁ%u) =3 o et

have the property that
.27 1yYe® >0  forallv.
Proof. Indeed, by (2.25), (-1 o® =y, > 0. We have carried through the

proof for k =2m. However, it is clear that we obtain the same result for
k = 2m + 1 if we use the product representation (2.17).

2. Identifying the right side of (2.24) with the right side of (2.2) (for
k = 2m), we obtain the identity

S M) =0 TT {49, 7,27

-m-+

and multiplying both sides by z"~1, we have

2.28) 2'"%_2 Mow—m+1)2" = "ﬁl (1 +y,2C+r)
This establishes

LemMA 8. The reciprocal polynomial
(2.29) 2'"%—2 Moy —m + 1) 2°

has all its zeros negative and simple. Also the polynomial
2m
(2.30) 20: My (v —m)z”

has only negative simple zeros.
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Proof. The result concerning (2.29) is implied by (2.28) and the inequalities
at the end of formula (2.24). Similarly, the product representation (2.17)
allows to establish the statement concerning (2.30).

II. THE SPACES L, AND Lfj;

3. The Necessity of the Conditions of Theorem 1
Let us begin with the space L," (1 < p < «) and let

EX )] F(x)e C.LP. (y; L")
By Lemma 2
(3.2) dmy, = [ FG0) 0yl —j)d,

and Holder’s inequality (p~! + ¢! = 1) gives

4l < HQ’"HQ"U?M |F‘""(x)l”dx)”i

whenece

J+m

A"y, < (1Ol [T F (9| d.
Summing on j and raising the result to the power 1/p,
(3.3) 14™ yllp < | Quillg(m + DYV F@,

which settles the matter for the present case.
If p = 0, then (3.2) immediately gives

A7 y,| SUF@l [ Qo —)dx = |F)

tloos
whence
(3.4) 14" yll, < IF™,
and again we are through.
Finally, if
Fx)e CLP. (y; L)),
then Fis also a solution of the C.LP. (y;L ™), in view of the inclusion reiation

{(11). From the previous case, for p =1, we conclude that (17) must hold,
which completes our proof.

4. The Problem of Determining the Spline Solution S,

Let us consider any one of the spaces L,” and LJ; and let us denote it by
the symbol L™, using the symbol I™ for the corresponding sequence space.
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Let|F™]| and |[4"y] denote the corresponding seminorms. Therefore the
symbols

e, Im, F™) [ Amyl,
stand either for

Ly, L"  IF™l, 4", (1<p<©),

or else for
Ly, 0" IF 4™yl
respectively.
We assume that
4.1) 4™yl < e

and proceed to the construction of S,(x). From the description of S, as given
in Theorem 2, S, is a spline function of degree m with the knots v + 4(m + 1),
and therefore

4.2) S (x) = s(x)

is a step function with discontinuities at the points v + 3(m + 1). In terms of
the function (1.1) we may therefore write

(4.3) s(x) =2, ¢ My(x — k — §m),
k
with coefficients ¢, yet to be determined.
The function s(x) being a step function constant in each of the intervals (9),

the norm of s(x) turns out to be identical to the norm of the sequence ¢ = (¢;).
Specifically, we have

© 1/p .
@d ol ([ lsled)" = (Slab) = lell,  ifp <,

.5 [Isl, = sup |s(x)| = sup lee| = llells
and
(4.6) llslle 13 = lIslly = llell;.

These relations evidently imply

LemMA 9. Let the spline function S, be any solution of the differential equation
(4.2), where s(x) is defined by (4.3). Then

4.7 S,eLm
if and only if
(4.8) (c) el
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We shall now attempt to satisfy the interpolatory conditions

4.9 S(j)=y; forallj.
These evidently imply that
(4.10) A" S(j)=4"y;.

On the other hand,
@11 AmS(y=[7 S™) Qulx—ydx = [ 5() Mulix = — 3m)dix;
by (1.6) and (1.5). Moreover, by (1.9) we have

JF:, My(x — k — m) My(x — j — ym)dx = My (k — ) = Minar( G — K.
By substituting the series (4.3) into the integral (4.11), we see that the inter-
polatory conditions (4.9) imply the relations
(4.12) %MmH(j—k)ck:A'"y,- for all ;.
Conversely, we may retrace our steps: The relations (4.12) imply the relations
(4.10). These may be written as
(4.13) A™(y;— S(j)=0  forallj,

and imply the existence of a polynomial P(x) of degree not exceeding s — !
such that

y;-S()=P() forall].
Therefore the spline function
(4.14) Sy(x) = S(x) + P{x)

satisfies the relations (4.9).

The effective construction of S, therefore hinges on our ability of showing
the existence and unicity of a sequence ¢ = (¢,) satisfying the system (4.12)
and also

(4.15) cel.

5. On Sequence Convolution Transformations

The following results seem to be well known. We develop them in detail
as we found no convenient reference.

Lemma 10. Lef a = («;) € I;; hence

(5.1) A=3 lo| <.
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The convolution transformation

(5.2 C;= % i A d=d)el, (1<p< ),

which transforms d — Td = ¢, is a bounded linear transformation of I, into
itself ; in fact (5.2) implies

(5.3) llell, < Alld]|-

The following beautiful proof is adapted from Krein ({4], pp. 227-228) who
discusses the discrete Wiener—Hopf problem. We drop the subscript, writing
lp = ls ”d”p = “d”5 etc.

Proof. Assuming d € I, we may write (5.2) as

;= % g i js

whence

(5.4 el < 2 o] [dhers] < oo,

by (5.1) and the boundedness of d;. We consider the sequence of elements
(5.5 zy = (|dhs]) (o <k < @)

which are evidently all in / and are such that

(5.6) llzell = |ldl]  forall k.

It follows that the series

(5.7) t:% [ots] 2k

converges in /, its sum ¢ being an element

(5.8) t=(tpel

For the jth component of ¢ we obtain from (5.7), (5.8), and (5.5)
;= % [oe il | sl

and comparing with (5.4), we conclude that

le;| <25,
and therefore

(5.9) llell < llell-
Thus ¢ € I. Moreover, by (5.9), (5.7), and (5.6),
17dll = llell < flel} < % lo_g]llzll =% loe_llldl| = 4||d]l,

and (5.3) is established.
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LemMA 11. Again, let o = (x;) € I,; moreover, let

(5.10) f(z)=%ocjz~";é0 iflz] =1.
Furthermore, let

(5.11) @' =38z forld =1,
where

(5.12) B=3[B| <=

by the Wiener-Lévy theorem. Then (5.2) has an inverse in I, which is explicitly
given by

(5.13) d;=3 Bxte.

Proof. Our assumptions (5.10), (5.11) imply that
(5.14) ; i Bis= g Brj otjs = Bys.
Multiplying (5.2) by B,_; and summing on j, we obtain
; Brici= ; [ % oty
= % dy ; Bri s = % 4 Op =4,

which establishes (5.13). The interchange of the order of summation is per-
mitted because

JZk | Brslloes il |di] < ABS%P || < .

6. Proofs of Theorems 1,2 and 3

In order to apply Lemma 11 to the inversion of the convolution trans-
formation (4.12), we consider the positive cosine polynomial (Lemmas &
and 7)

(61) ¢m+l(u) = z Mm-!—l(v) eiuu
and expand its reciprocal in a Fourier series
{6.2) 1 _ > @t gtvr,

¢m+ l(u) v

For simplicity we drop the superscript and write @™V =, Lemma 11
implies that

6.3 ;= % w; A"y,



188 SCHOENBERG

is a bounded linear transformation of /, onto itself, whose inverse is

(6.4) Amy, =3 Mys(i=R)ci.
Assuming (15) to hold, hence
(6.5) Ary=(dry)el,

we conclude that the sequence (c;), defined by (6.3), also belongs to /,. It
follows from Lemma 9 that the spline function S,(x) (of Lemma 9) satisfies

(6.6) S,(x)e L,",

as well as the interpolatory conditions (4.9), provided that an appropriate
polynomial is added to Sy(x). Thereby we have completed a proof of Theorem
1 because from the assumption (6.5) we have derived the existence of a solution
(6.6).

In fact, we have also established Theorem 2, except the unicity of S,. That
S, is unique we see as follows: By Lemma 9, (6.6) implies that (c;) € /,, while
(cv) €1, is uniquely defined by the Egs. (6.4).

We turn now to a proof of Theorem 3. With the same assumptions as in
the previous paragraph, we know from (4.4), (4.5), and (4.6) that
(6.7) S50 = llell.

From Lemma 10 [relation (5.3)] we know that (6.3) implies

63) el < (3 g1 1
while Lemma 7 shows that
(6.9) ; w§™ D] = 2.1y @™ = (G (m) "
Now (6.7) and (6.8) imply that
IS5 < B 1 (m)) 1A 1.
Since Z™(y) < |IS™|], Theorem 3 is established.

7. The Space L. ™: Proofs of Theorems 4 and 7

We shall now apply the procedure described by Lemma 1 (Introduction)
to determine the norm ||.Z,™||. For the special sequence y*, we select any
sequence such that

(7.1) Aryx=(-1y,  (all)),
for instance the sequence
(1.2) yi* = (=) 2m-1),
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For any sequence y such that
4" ylle =1,
we obtain from (6.3)

ISl = el = sup | g 4"y,

l

< 2 |ofZEP] = (fmer(m) 1.

k

However, for the special sequence y*, (7.1) implies

IS3RI = llc*lo = 2 {o0f25 D] = (bmar(m)) 7"

k

The sequence (7.2) is therefore seen to satisfy the condition (37) of Lemma 1.
There remains to verify the second condition (38), to the effect that S,. is
an optimal solution of the

(1.3 CLP. (y*;L™).
This requires a discussion of the function

(74) gm(x) = ? (_I)J Qm(x _J)a

in particular, a precise description of sgng,,(x). From Lemma 3 it is clear that
2.(x) is a spline function of degree m — 1, with integer knots. We need

Lemma 12. The function g.(x) vanishes at the points v+ L(m+ 1} and
nowhere else. Moreover, it changes sign as we pass from one of the intervals

(7.3) I"=@+im+1)—-1,v+im+1)

to the next.

Proof. For an integer k, by (1.5) and (2.2),
gnlk + 3m) = ; (1Y Qulk +3m—j)= g (=1 Mulk —j)
= (1) g (1Y Mu(j) = 1) duulm) # 0.
This shows that the function

(7.6} Enx -+ 3m)/gn(3m)

is a solution of the interpolation problem

F()=(-1y.
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By (47) and (48), we know that the same interpolation problem is also solved
by the periodic Euler function

7.7 Ep(x + Im)E,_,(3m).

Both (7.6) and (7.7) are splines of the same degree m — 1, with the same knots
v+ 4m, and they are solutions of the same

C.LP. (=1y;L" ).

From the unicity in Theorem 2 we conclude that the functions (7.6) and (7.7)
are identical, and therefore

(7.8 gn(x)=c'E,_(x)  (cconstant #0).

Norlund’s description of the Euler polynomials ([7], pp. 26-27) shows that
E,_,(x) has the properties ascribed to g,(x) by Lemma 12. This establishes
the lemma.

We now return to the spline solution of the problem (7.3) and use the
simpler notation
S*(X) == Sy*(JC).

Let F(x) be any solution of the C.LP. (y*,L) and let us show that
(7.9 IF, > 1SSl (= A
From
Ay = AnF() = [ F™() Qpx — j)dx
we obtain
@10) 5 tyanys—[° o (S 1y o)

By (7.1), the left side = 21 4+ 1, whence

(7.11) 2n+ 1< [F],, f 5 1 Qutx —) i,

and therefore
IE®], > (2n+ 1) / f

Comparing the integrand with the expansion (7.4), we obtain

1@, > @n+ Df{[" lgn0)] dx+ 0D},

3 1) Qulor =) d.
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The function | g,(x)| having the period 1, letting » — « we obtain

-1

(7.12) IF®l, > ([ 1gnt9] d)

We now use (7.10) again, this time for the spline solution
F(x) = S«(x).

By (4.2) and (4.3),

(7.13) SIM(x) = % . M (x — k — im),

where, by (6.3), (7.1) and (6.9),

(7.14) ¢ =2 (1) = (1) ($ms1(m) ! = (-1} 4.

The relations (7.13) and (7.14) show that

. ‘ F™(x) = S(x)
is a step function such that

(7.15) [S™(x)| = A,  for all x # from the knots,

and that it changes sign precisely at the points where we pass from one of the
intervals (7.5) to the next. In other words, we obtain

(7.16) S(X) gml(X) = Ap| gm(X)] for all x.
Now (7.10) implies
2n+1=du([" |gu0)] dx+ 0(1)),

whence

(1.17) A= ([} | gnG0)] dx) .
In view of (7.12) and (7.15), we obtain

IF™y, = Ay = ST
This establishes the second condition (38) of Lemma i, and therefore also
Theorem 4. It should be clear that we have also established Theorem 7.

8. The Space L{y,: Proofs of Theorems 6 and 8
We consider now the space L4, so that

8.1) y=)el"
which we assume to be on the boundary (34) of the unit ball, hence
(8.2) A"yl =2 14" y;] = 1.

J

13
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For the interpolating spline S, we have, by (4.6),

(8.3) (1S5 M1y = llelly

and

8.9 ¢ = %: wmED Am y, .

Finally, let y* be a real sequence satisfying the assumptions of Theorem 8:
(8.5 The sequence (—1) 4™ y;* has no change of sign,

(8.6) ; |[4™y* = 1.

We can now argue as follows: On the one hand
1S5l = llell = 3 les} < 3 Jeos4]14" 34
J A

= (S leul) (S 147 ) = 3 1Y = s,
while on the other hand
[|S§T)[f[11 = [lc¥; = % |c,-*| = Jzk |(_l)j(—1)j_kwj—k(—1)kAmyk*i

= J_Zk lw;—i|]4" ye*| = ($mea ()"

These results show that any real sequence y* satisfying (8.5) and (8.6) satisfies
the condition (37) of Lemma 1. In order to establish Theorem 6 (by Lemma 1)
and Theorem 8, we have still to show that the spline solution Sy« (x) is optimal
for the

3.7 C.LP. (y*;L).

Let F(x) be a solution of the problem (8.7), and let us return to the relation
(7.10). In terms of the function (7.4) and the intervals (7.5), we derive from
(7.10)

S (1) dmy*

< Y esssup |[F™(x)| f
Jooxelj™ Im

S (1)’ Qux ) dx

= f:) | gm(x)| dx - 2, ess sup | F™(x)| + o(1),
J Im
as n — . Letting n — <, we obtain by (8.5) and (8.6),
1
4 y¥lly =1 < IF™ly [ | 2u0)] d,

whence
(8.8) [F ™3 = Am = (mei ()7,
by (7.17).
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We finally use (7.10) again, this time with
(3.9 F(x) = Syx(x).
For this function we know that
SWx)=c* ifxel™
and that the ¢;* alternate in sign, because, for all j,

(1) ¢;* = % 1wy (C1F AT

has the fixed sign of the quantities (8.5). For the solution (8.9), {7.10) therefore
implies

_Zn =1y 4my;*

1 r §
= [, len@ldx3 |o| + o(2).
Letting # — o, we obtain

L=[e*ly- [, len(9] d,

whence
(8.10) 1S5l = le*lly = Ay
Therefore by (8.8),

IF ey = 1Sl 12

and the second condition (38) of Lemma 1 is satisfied. This establishes
Theorems 6 and 8.

II1. THE SPACE L,"

The main purpose of this third part is to establish Theorems 5, 9, and 10,
dealing with solutions in L,™. For the spline solution S,(x) of Theorem 2, the
derivative S{™(x) was the step function (4.3). Due to this fact, we had the very
simple relations (4.4) and (4.5) between the norms [[S™|, and {c||,, in fact
the two were equal. Also now, the mth derivative, S™(x), is our main concern.
However, now S(x) is a spline function of degree 2m — 1 with integer knots,
It follows that S%(x) is a spline function of degree m — 1, and that it may
therefore be written in the form

S(m)(x) = % C; Qm(x _])

Now the relationship between ||S™)||, and ||cl|, is more complicated. Cur
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main result in this direction is Theorem 12 of Subsection 10, its essential point
being to show that the assumption

*) ; ;i Ou(x—j)eL,
implies that
(x5 c=(c)el,

The function Q,(x), being positive in its finite support (0,#), would seem
to make the implication from () to (x+) heuristically clear, and a first reaction
would be that a “direct” proof should be available. That there is no such
direct proof is shown by the following:

Example. Let
x+1 in [—1,0],

. PN in [0, 1],
0 =M+ Mpx =)= " > o [1,2]
0 elsewhere.

We consider the function
s(x) = Z ] Ox—j)= 2 GMy(x—j)+2 ¢ Ma(x—j— 1)
J
=2 ¢; My(x —j) + 2 ¢,y My(x —j) = 3, (¢; + ¢;-1) Max — ).
Choosing ¢; = (—1)’, we have
s(x)=0¢elL, (p < »),

while the sequence c is not in [,

Our proof of (¥) = (xx) is based on Theorem 11 (Subsection 9) and this,
in turn, depends on the solutions of certain elementary eigenvalue problems.

These matters are discussed in L, as no simplification results from a restriction
to L2.

9. On Spline Functions Vanishing at all Integers (Theorem 11)
Let k& be a natural number and let

©.1) S(x) =2 e My(x — )

be a spline function of degree k — 1 having its knots at the points » -+ 3k, Let

the symbol
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denote the subclass of functions of the above type such that
(9.2) S(j) =0 for all integers j.
Observe that the classes 2,° and 2,0 are trivial, as they contain each only one
element that also vanishes identically. Qur aim is to establish the following
theorem.

TueoreM 11. Let k > 3, and let

©.3) S(x) ez,

The assumption

¢.4) S(x)eLs,  forsomes=0,...,k—1, (I<p<»)
implies that

(5.5) S(x)=0  forallx.

Observe that the conditions (9.2) are equivalent, by (9.1), to the relations
(9.6} SM(j—r)e,=0  forallj
This is a linear recurrence relation for the unknown sequence (c,) that can be

dealt with by classical methods. In order to adapt these to our particular
situation, we introduce the family of spline functions

0.7 S )= X Mf(x—r) {A#£0)
depending on the non-vanishing parameter A. Let us first find out when thess
functions belong to 23°. Setting x = n, an integer, we obtain from (9.7)
S N)=>XM@m—r)=3NM{r—n)
=> XM M@)y=A" 3 X MAr).
We conclude: If Si(x;A) vanishes for some integer x = n, then it vanishes for

all integers, and it does this if and only if A is a root of the equation
9.8) > M) =0.

In order to fix the ideas, let us first deal with the case when k is even, say
{9.9) k=2m.

In this case, (9.8) is equivalent to the equation

2m—:

2
(9.10) S Moy —m+ 1) ¥ =0.
¢
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The left side is a reciprocal polynomial identical with the polynomial (2.29) of
Lemma 8. By Lemma 8 we know that (9.10) has all its roots negative and
simple. We may therefore assume that the roots A,,..., A,,_, satisfy the
inequalities

.11 Ao <o <Ay<—l<A_<...<A <0
and
(9.12) Al Azm_z = AZ Azm_'_; ST Am—l Am = 1.

Corresponding to these roots, we obtain 2m — 2 spline functions
(9.13)  Six) =Somx; M) =2 N Molx—1)  (I=1,...,2m—2),

all being elements of X9,
We claim that every S(x) € 2%, may be uniquely represented in the form

m—

9.14) S(x) = 222 a; Si(x)

Jor appropriate values of the coefficients a,.
Indeed, the relations (9.6) (for k = 2m) show that we may choose arbitrarily
the 2m — 2 coefficients

(9.15) €1,€25 0+ s Com—2,

all the others being determined recursively by (9.6) in terms of the data (9.15):
¢, 1s obtained from (9.6) for j=m — 1, then c_, for j=m, and so forth. To
derive the representation (9.14), we only need to use the expansions (9.13)
and determine the g, as solutions of the non-singular system

2m—2

> A =c, (r=1,...,2m—2),
=1

This insures the agreement of the first 2m — 2 coefficients (9.15) of both sides
of (9.14) [in their standard representations (9.1)], and therefore the identity
(9.14), that is hereby established.

A proof of Theorem 11 requires a discussion of a few properties of the
functions (9.13) which may be called the eigensplines of the class 2,,,.

(i) Observe that (9.7) implies
Six + L= AMx+1—-r)=2 X M(x—r),
whence the functional equation
9.16) Si(x + 1;2) = ASi(x; A).
In particular, we obtain for our eigensplines (9.13) the identities
.17 Sx+D=AS(x (J=1,....2m—2),
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which imply that
(9.18) Si(x + 1) = A7 Si(x) (—w < n < x).
(i) Each of the eigensplines S,(x) is represented in the interval (0,1} by a
polynomial of exact degree 2m — 1.
For if, for a certain /, we have S,(x) € 7y_, in (0, 1), (9.18) imply

9.19) Si(x) € 7y, in every interval (m, 2 + 1).
On the other hand we know that
{5.20) Si(x) e C¥ AR,

Evidently, (9.19) and (9.20) show that S;(x) would reduce to a single polynomial
of degree 2m — 2, for all real values of x, which is clearly absurd.

(iii) The relations (9.17) and the inequalities (9.11) show that the graph
of §;{x) has roughly the same general behavior as the graph of (sinwx)e™ if
{=1,...,m— 1, and that for / =m,..., 2m — 2, it behaves like (sinwx)e”.

(iv) There are symmetry relations between the two kinds of eigensplines
discussed in (iii): From (9.13) and (9.12),

Si=X)=DA"M~x—r)=2 A M{x+7r)
= Z )\l_rM(x - l‘) = Z )\am—l—! MZm(x - i'},

and therefore

(9.21) Si(—x) = Sam_1(x)-
Proof of Theorem 11 for k = 2m. Let us consider the quantities
©:22) b=, ISP@IPdx,  (1<p<).

8,(x) being in (0, I} a polynomial of exact degree 2m — 1, by Property (ii}, while
0 < s < 2m— 1, we conclude that all these quantities are positive. Now (9.18)
shows that

(9.23) [ ISPEPde = NP, (o <n< ).
We assume now that

(9.24) S(xye 2%,

and

(9.25) S(x)e L, (I<p< =)

Furthermore, let

m—,

(9.26) S(x) = 222 a; Si(x)

be the canonical representation (9.14).
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We claim that
9.27) aq=0 forl=mm+1,...,2m—2.
For if
a, #0, A1 =...=0dyy 2=0 (r=m),

then (9.23) shows that
[ 159N ~ a2 gl as n—>-+eo,
and therefore by (9.11),
[7Iso@lrdx= o,

in contradiction with our assumption (9.25).
Moreover, also

(9.28) =0 jforl=1,...m—1
must hold, For if
a, #0, a=...=a,_,=0 (t<sm—-1),

then again (9.23) implies the relation

[T IsO@lrdx ~ [al?p N asn——w,

and in view of (9.11),
fﬁ |SE(x)|? dx = +o,

contradicting (9.25). Evidently, (9.27) and (9.28) imply the conclusion (9.5)
of Theorem 11,

The case p = « is settled by a similar argument, which we omit, using the
quantities

Bi,o= Sup |S{(x)|

n<n<x

and the relations
sup  [SP(x)] = I)‘lln”‘l,co (o <n< ).
1

n<x<nt

This completes our discussion of the case when & = 2m.

Proof of Theorem 11 if k = 2m + 1. The proof is much the same as before,
with a few changes in minor details. The characteristic equation (9.8) now
becomes

2m
Z Mo (r) X' =" IZO Mopp(v—m)X” =0,
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Again, by Lemma 8 we have a reciprocal equation with only negative simple
roots that may be labeled to satisfy the relations

A< e <A <—l <A, <...<A <0,
A =22= ... <A A =L
The corresponding eigensplines are now
Si(x) = Z N My, (x—r), {{=1,...,2m).

Again an arbitrary element S(x) € 29,.,.; may be represented uniquely in the
form

S =3 @5,

The analogue of property (ii) is that S,(x)is represented in the interval (—4,1)
by a polynomial of exact degree 2m. The remainder of the proof may be
omitted.

10. Or Spline Functions in L, (Theorem 12)
As a first application of Theorem 11 we establish

TueoreM 12, If

(10.1) 5(x) =2, ¢ Mu(x — k),
k

then

(10.2) s(x)eL,

if and only if

(10.3) c=(c) €1,

Proof. 1. Proof of sufficiency. We assume (10.3}), From
[s(o)] < % lee] Mu(x — k)

it is clear that without loss of generality we may assume all c, to be real and
nonnegative. We assume ¢; = 0 for all k and write u = [m/2]. Then

nu
(104 0<s() =2 e Mp(x—k)S M, 0) > ¢, ifn<x<n+l
k n—i
The monotonicity of the means IM.(a) (see Hardy-Littlewood-Polya,
““Inequalities,” 1934, pp. 26-27) implies that

ntu |4 n+g
(Ze) <eurir S
n—ut

n—p
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and therefore by (10.4),

n n+
[ (sGeppax < M Op @u+ 171> o2 foralln.

n—p
Adding together all these inequalities, we obtain

[7, 6erds < 01,0 @u+ 173 02 <,

which concludes the proof of sufficiency.

2. Proof of necessity. We assume (10.2), and are to derive (10.3). Define
» by y; = s(j); we first wish to show that

(10.5) O el
The case p = « being clear, we assume p < ., Let m be even. Then

m—1
(10.6) f L s(o[P dx = f S a,x"
0 0
Denoting the last factor in (10.6) by C,,, ,, we obtain
1
(10.7) [yol? = laol? < iy [} Is@0)[7d,

p

dx.

14
dx > ]aoll’min‘f
b

m—2
1+ > b,x"
1

1 1
0 0

whence, by shifting and adding the relations (10.7), [[yl, < C,Y?lisll,, and
(10.5) is established. If m is odd we work similarly with the interval (—,%).
On the other hand, (10.5) and (10.1) imply the relations

(10.8) % Mu(j— k)& =)

To this system we can apply Lemma 11 and conclude the existence of a unique
sequence c¢* = (¢,*) such that

(10.9) % M (j-ka*=y, (a*)el,.
By means of ¢* we now define
(10.10) SHx) =2 o M,(x — k).

k

The sufficiency part having been established, we conclude from the second
relation (10.9) that

(10.11) s¥(x) € L,
Moreover, the first relations (10.9) show that
(10.12) s*(x) e C.LP. (y,L,).

Since s(x) and s*(x) are solutions of the same C.I.P. (y,L,), we conclude that
s(x) — s*(x) e 2,0
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Also, (10.2) and (10.11) imply that
s(x) — s¥(x) € L,.
From Theorem 11 we conclude that
s(x) =s5*(x) for all x.

Therefore ¢, = ¢* for all k, and ¢* € [, now implies the desired conclusion
{10.3).

11. Two Lemmas on Spline Functions in L,
Let

(L 5() =3 ¢ On =)

be a spline function of degree m — 1 with knots at the integers and having its
support in the interval (r,t + m), r < 1.

LemMa 14. The relation (11.1) implies the inequalities
t co 13 .
(11.2) $an(m) 2 le)? < |7 ls@)PPdx <3 ol
where the constant on the left is given by (2.19) for k = 2m.

Proof. The relation (1.10) shows that

a13) [° s@i2dx =J

From (2.2),

i 2 ki
2.¢;On(x —J), dx =2 Myu(j—k)c; &

Banl)= 3 M) ™,

and the Hermitian form (11.3) is seen to be a section of the Toeplitz form
associated with this Fourier series. Clearly

Mo ~0) = | e,

and substituting into (11.3), we obtain

oo 1 " [ t L. [2
) 2 —_ p—iju 3
(11.4) J_m ls(x)|?dx 7 J‘_,, qSZ,,,(u)g ;e | du.
On the other hand,
i T |t » 2 13 5
(11.5) 7 | che L du=§lq[ .
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The information (2.20) of Lemma 6, concerning the extreme values of ¢,,(u),
if applied to the integral on the right side of (11.4), immediately yields the
desired inequalities (11.2).

LemMma 15. If
(11.6) s(x)= Z €; Omlx —J)
and
(11.7) s(x) € Ly,
then
(11.8) J2, s dx= 5 Mali—K)ese

Proof. From Theorem 12 we conclude that (11.7) implies that
(11.9) > |eil? < oo
J
On the other hand, (11.3) shows that
ag [ B0

By (11.9) and the inequalities (11.2) of Lemma 14, it is clear that

2 n
dx = z Mzm(j—‘k)CjC-'k.

Jr k=—n

Li.m, i ¢ Qulx —j)=25) in L,(R),

n—w -n

and it follows that the integral (11.10) converges to the integral (11.8). The
absolute convergence of the double series (11.8) is seen from

2j2k M@=k |ellel <2, M@ —k)(e;)* + |al?

=23 o < .
J

12. Proof of Theorem 9
We assume that
(12.1) yel™

and wish to construct the solution S(x) of problem (58) as described in
Theorem 9. We could now argue as follows : It is easy to see that our assumption
(12.1) implies that

yelim i,
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We can now apply Theorem 2, for 2m — 1 rather than m, and conclude the
existence of the interpolating spline S of degree 2m: — 1 such that
S(x) e L34,
However, it would not be easy now to show that S(x) € L,", as we must.
For this reason we prefer to proceed differently: As in Subsection 4 we again
try to satisfy the relations (4.10), but this time by a function S{x) whose mth
derivative is

(12.2) SMx) = 5(x) =2, ¢ Qulx — k)
k

rather than (4.3). Using (1.10), for r = ¢ = m, to implement the relation

ams(jy=[*_s(x) Qulx — ),
we see that the relations (4.10) are equivalent to the relations
(12.3) S Myj—k)e,=4my;, forellj.

k

Using Lemma 11 and the expansion (2.26), for &k = 2m, we construct S{x) as

follows: the unique solution (¢,) € I, of the system (12.3), also defined by the
inverse system

(12.4) ;=2 iR 4"y,
K

is used to define the last member of the relations (12.2). By Theorem 12 we
know that
{12.5) S(xy=s(x) € L,.
Finally, an appropriate solution S(x) of this differential equation produces the
desired spline solution S(x), as explained in connection with the relations
{4.13) and (4.14).
The unicity of our spline solution S(x) follows from Theorem 12 and the
fact that the system (12.3) has a unique solution (¢;) in .
Let us now establish the optimality property (60} of the spline solution S{x
just obtained. If F(x) is any solution of the
(12.6) CILP. (y; L™,
then
fi“ |Fom S(m)lz dx
- fi |Fm|2 dx + fo_o Sm St gy — 2 Re J
which we may also write as
(12.7) f P sm|2 gy
= [T |FmPdax— [° |S™[2dx +2Re [* SOHS™ — Fo)ax,

*c0
S Fen gy,
o
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Let us show that the last term on the right side vanishes: Writing R(x) =
S(x) — F(x), (12.2) implies

(128) ff R(m) S dx = f‘” l_t(m)(x) (Z 4] Qm(x ])) dx’
o0 —00 7
while

(12.9) f :o R™(x) (é ¢; Onmlx— j)) dx = _nzn ¢; f:o R™(x) Q,.(x — j)dx.

We claim that the left side of (12.9) converges to the right side of (12.8) as n — .
Indeed, the integrand on the left of (12.9) is dominated by the function (in-
dependent of #)

(12.10) R®G)|- 3. les] Qulix =)

and this function is in L,(R) for the following reason: from 3, |¢;|* < « and
Theorem 12, we conclude that the second factor of (12.10) is in L,; Since
R™ e L,, we see that the function (12.10) is summable by Schwarz’s inequality.
This establishes our last italicized statement by the bounded convergence
theorem. On the other hand, observe that

f " R(x) Qu(x —j)dx = A" R(j)=0  forallj,

because R = S — Fvanishes at all integers. It follows that the left side of (12.9)
vanishes, for all #, and therefore also its limit (12.8). Thus (12.7) reduces to

[71FmpPax =7 |smpRax+ [°[Fem - 524y,

which evidently implies that S(x) is the unique optimal solution of (12.6).
This completes our proof of Theorem 9.

13. Proofs of Theorems 10 and 5

Let (12.1) hold, and let S(x) denote the spline solution of (12.6) constructed
in Subsection 12. From (12.2), (12.3), (12.4), and Lemma 15 (Subsection 11),
we obtain

&0 = [T ISP dr =5 Mau(j=K)e;d

=263 Ma(j—k)&=3 ¢;d"y,
J

=5 (z ws-z_w'"yk) Ty,
J Kk
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and finally
(13.1) (L0 = 3 W A"y, A"y,

Observe that the double-series (13.1) is absolutely convergent: writing
= |d™y;| and 2= g lw@m],

we see that it is dominated by
Z |wP|(d? +dH) =2 2 di? < o,

Writing

gw)=2 4"y, e,
-n
we obtain from

— z w(‘?m) ewu

¢2m(u) v
on the one hand
1 i 1 2 f2n) m Am
277_ f—” qSZm(u)lg"(u)' du_"] kz (.l) A y -A Yo
and on the other, by (13.1),

(L) =1limS w@m Ay, Ty,

-0 —n

It follows that
(13.2) (LR =lims_ ! f

- ¢2 (u
1 4

- ¢2m( )]g(u)! du’
where g(u) is defined by (63). This establishes Theorem 10.

Our last concern is a proof of Theorem 5. This will be an immediate con-
sequence of (13.2) and the behavior of ¢,,(u) as described by Lemma 6 {Sub-
section 2). For if g(u) is defined by (63), and if we assume that |4"y],; > G,
then (13.2) and Parseval’s theorem show that

2
j | 2a(t)|* du

(13.3) (;?z"'(y))z _ L Gan g

14" yll, f " g2 du

The factor | g(«)|? in the integrands of (13.3) may be thought of as an arbitrary
nonnegative element of L(—w,n), different from the zero element. From
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Lemma 6 [relations (2.20)], and the fact that the right side of (13.3) is a weighted
average of the function (¢,,(u))~!, we obtain the inequalities

(13.49) L-id™ yll, < Z5"(p) < Bulld™ ylla,

where

Bm = (¢2m(77))—l/2'

Also the constants 1 and B,, in (13.4) are best possible, and equality in (13.4)
is excluded. This completes a proof of Theorem 5 and the paper.
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